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Sign changes of a product of Dirichlet character and
Fourier coefficients of half integral weight modular
forms
Soufiane Mezroui
Abstract Let f ∈ Sk+1/2(N,χ) be a Hecke eigenform of half integral weight
k+1/2 (k ≥ 2) and the real nebentypus χ = ±1 where the Fourier coefficients a(n)
are reals. We prove that the sequence {χ(pν)a(tp2ν)}ν∈N has infinitely many sign
changes for almost all primes p where t is a squarefree integer such that a(t) 6= 0.
The same result holds for the sequences of Fourier coefficients {a(tp2(2ν+1))}ν∈N
and {a(tp4ν)}ν∈N.
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1 Introduction and statement of results
Let k,N ∈ N be integers, we denote by Sk(N,χ) the space of cusp forms of weight
k and level N with Dirichlet character χ (mod N).
When 4|N , we denote by Sk+1/2(N,χ) the space of cusp forms of half-integral
weight k + 1/2 and level N with character χ (mod N). Let S∗3/2(N,χ) be the
orthogonal complement of the subspace of S3/2(N,χ) generated by single-variable
theta series. For k ≥ 2 we put S∗k+1/2(N,χ) = Sk+1/2(N,χ). Recall that the
Shimura lift maps S∗k+1/2(N,χ) to the space S2k(N/2, χ
2) of cusp forms of integral
weight 2k and level N/2 with character χ2.
There have been since same years many papers studying the sign changes of
modular forms using Landau’s theorem (see [1–6]). The main idea is to assume
that the particular sequence of Fourier coefficients of modular forms does not have
infinitely many sign changes and then the contradiction is established by Landau’s
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theorem applied to Dirichlet series of this sequence of Fourier coefficients. For
example in [1], Bruinier and Kohnen showed particularly that if f is an eigenform
with half integral weight and real Fourier coefficients a(n), then for all but finitely
many primes p, the sequence (a(tp2ν))ν∈N has infinitely many sign changes with
t is a square free natural number such that a(t) 6= 0. In this work we study
the problem of sign changes of those sequences when the Fourier coefficients are
complex numbers and our first main theorem is the following.
Theorem 1 Let f ∈ S∗k+1/2(N,χ) be a Hecke eigenform of all Hecke operators
T (p2). Let
f(z) =
∑
n≥1
a(n)e(nz),
be the Fourier expansion of f at ∞. Let t be a square free natural number such that
a(t) 6= 0. Then for all but finitely many primes p with (p,N) = 1, the sequence
{a(tp2ν)χ(pν) }ν∈N has infinitely many sign changes.
When the character χ = ±1 is real, we obtain the following result.
Corollary 1 Let f ∈ S∗k+1/2(N,χ) be a Hecke eigenform of all Hecke operators
T (p2) with χ = ±1. Let
f(z) =
∑
n≥1
a(n)e(nz),
be the Fourier expansion of f at ∞. Let t be a square free natural number such that
a(t) 6= 0. Then for all but finitely many primes p with (p,N) = 1, the sequence
{χ(pν)a(tp2ν)}ν∈N has infinitely many sign changes.
Notice that when χ = 1, this result is the same as [1, Theorem 2.2]. Further,
it has been shown in [1] that if χ = ±1 and the Fourier coefficients a(n) of the
Hecke eigenform f ∈ S∗k+1/2(N,χ) are reals, then the sequence (a(tp2m))m∈N has
infinitely many sign changes for almost all primes p. Our second main theorem
shows that the subsequences of (a(tp2m))m∈N with odd and even indices has in-
finitely many sign changes for almost all primes p.
Theorem 2 Let f ∈ S∗k+1/2(N,χ) be a Hecke eigenform of half integral weight
k + 1/2 and level N with Dirichlet character χ = ±1. Let
f(z) =
∑
n≥1
a(n)e(nz),
be the Fourier expansion of f at ∞. Let t be a square free natural number. Then for
all but finitely many primes p with (p,N) = 1, the sequence {a(tp2(2ν+1))}ν∈N has
infinitely many sign changes. The same result holds for the sequence {a(tp4ν)}ν∈N.
Applying Landau’s theorem, we will show further that the subsequences over
arithmetic progressions also has infinitely many sign changes.
Theorem 3 Let f ∈ S∗k+1/2(N,χ) be a Hecke eigenform of all Hecke operators
T (p2). Let
f(z) =
∑
n≥1
a(n)e(nz),
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be the Fourier expansion of f at ∞. Let t be a square free natural number such
that a(t) 6= 0. Let p, q be two primes. Consider all integers d and n such that d is
the smallest integer satisfying pd ≡ h (mod q) and n > 0 is the smallest integer
for which pn ≡ 1 (mod q) with h runs through the integers satisfying 1 < h < q.
Then for all but finitely many primes p satisfying those conditions, the sequence
{a(tp2(nν+d))
χ(p)d+nν
}ν∈N has infinitely many sign changes.
Finally, it should be noted that the main idea of this work and [6] is to divide
by an appropriate character to obtain a results about sign changes of complex
Fourier coefficients. The idea may be used to extend the results of [3, 5].
2 Preliminary lemmas
Let Sht(f) the Shimura lift of f with respect to t and let λp denote the p-th Hecke
eigenvalue of f . Denote by At(n) the Fourier coefficients of Sht(f). Since
T (p)Sht(f) = Sht(T (p
2)f),
then the p-th Hecke eigenvalue of Sht(f) is λp, where T (p
2) is the Hecke operator
on Sk+1/2(N,χ) and T (p) is the Hecke operator on S2k(N/2, χ
2). Recall that if p
is a prime, the Fourier coefficients of f and its Shimura lift Sht(f) are related by
a(tp2) = At(p)− χt,N (p)pk−1 (1)
where χt,N (.) = χ(.)χ1(.), χ1(.) =
(
(−1)kN2t
.
)
.
The following lemmas will be useful.
Lemma 1 Let n be an integer such that (n,N) = 1. Then a(tn
2)
χ(n) ∈ R.
Proof This will be deduced by induction. Indeed, let p ∤ N be a prime, the formula
(1) gives
a(tp2) = At(p)− χt,N (p)pk−1 = At(p)− χ(p)
(
(−1)kN2t
p
)
pk−1.
Since At(p)χ(p) ∈ R, then a(tp
2)
χ(p) ∈ R.
Since t is squarefree, by [7, pp. 452] we have
λpa(t) =a(p
2t) + χt,N (p)p
k−1a(t), (2)
λpa(p
2mt) =a(p2m+2t) + χ(p)2p2k−1a(p2m−2t), (m > 0). (3)
The first equation gives
λp
χ(p) ∈ R, and the second equation yields
λp
χ(p)
a(p2mt)
χ(pm)
=
a(p2m+2t)
χ(pm+1)
+ p2k−1
a(p2m−2t)
χ(pm−1)
, (m > 0).
We deduce by induction that ∀m ∈ N , a(p2mt)χ(pm) ∈ R. Since ∀m, n ∈ N such that
(m,n) = 1,
a(tm2)a(tn2) = a(t)a(tm2n2),
the lemma follows by induction.
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Lemma 2 Let n ∈ N be an integer and p a prime such that p ∤ n. Let Hn(X) be
the sum
Hn(X) =
∞∑
m=0
a(tp2mn2)
χ(pmn)
Xm.
We have
Hn(X) =
a(tn2)
χ(n)
(
1− χ1(p)pk−1X
1− λpχ(p)X + p2k−1X2
)
·
Proof From [7, Corolary 1.8] we have
(
λp
χ(p)
)(
a(tn2)
χ(n)
)
X =
a(tp2n2)
χ(pn)
X + χ1(p)p
k−1 a(tn
2)
χ(n)
X, (4)
λp
χ(p)
a(tp2mn2)
χ(pmn)
Xm+1 =
a(tp2m+2n2)
χ(pm+1n)
Xm+1 + p2k−1
a(tp2m−2n2)
χ(pm−1n)
Xm+1, (5)
for all m ≥ 1. Adding X times (4) and Xm times (5) for all m ≥ 1 to get
λp
χ(p)
Hn(X)X = Hn(X)− a(tn
2)
χ(n)
+ χ1(p)p
k−1 a(tn
2)
χ(n)
X + p2k−1X2Hn(X).
This yields the result.
3 Proof of Theorem 1
Suppose there are infinitely many primes p ∤ N such that
(
a(tp2ν)
χ(pν)
)
ν∈N
does not
have infinitely many sign changes. Applying Landau’s theorem, then the series
∑
ν≥0
a(tp2ν)
χ(pν)
p−νs,
either converges for all s ∈ C or has a singularity at the real point of its line of
convergence.
By Lemma 2 we have
∑
ν≥0
a(tp2ν)
χ(pν)
p−νs = a(t)
1− χ1(p)pk−1−s
1− λpχ(p)p−s + p2k−1−2s
· (6)
The denominator of the right hand side of (6) factorizes as follows
1− λp
χ(p)
p−s + p2k−1−2s = (1− αpp−s)(1− βpp−s),
where αp + βp =
λp
χ(p) and αpβp = p
2k−1. Explicitly one has
αp, βp =
λ(p)
χ(p) ±
√(
λ(p)
χ(p)
)2
− 4p2k−1
2
· (7)
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Notice that the first alternative of Landau’s theorem cannot holds, since the
right-hand side of (6) has a pole for ps = αp or p
s = βp. Therefore the series
∑
ν≥0
a(tp2ν)
χ(pν)
p−νs,
has a singularity at the real point of its line of convergence for infinitely many
primes p ∤ N . Consequently αp or βp must be real. Suppose that αp ∈ R. Using
Deligne’s bound we have
(
λ(p)
χ(p)
)2
=| λ(p) |2≤ 4p2k−1, from which we get
λ(p) = ±2 pk− 12χ(p). (8)
Adjoining all χ(p) to the number field Kf , generated by the Hecke eigenvalues of
f , and denote the resulted field by K. From (8) we get
√
p ∈ K. Hence by our
hypothesis, we conclude that there is an infinite sequence p1 < p2 < p3 . . . of
primes satisfying (8). We then have
Q(
√
p1,
√
p2,
√
p3, . . . ) ⊂ K.
We obtain a contradiction as in [1], since Q(
√
p1,
√
p2,
√
p3, . . . ) is an infinite ex-
tension. Thus the proof is complete.
4 Proof of Theorem 2
Assume the hypothesis of Theorem 2. We want to compute the following sums
S1(X) =
∞∑
m=0
a(tp2(2m+1))
χ(p2m+1)
X2m+1 and S0(X) =
∞∑
m=0
a(tp4m)
χ(p2m)
X2m.
Replacing n = 1 in (5) to get
λp
χ(p)
a(tp2m)
χ(pm)
Xm+1 =
a(tp2m+2)
χ(pm+1)
Xm+1 + p2k−1
a(tp2m−2)
χ(pm−1)
Xm+1·
Once again, replacing m by 2m to obtain
λp
χ(p)
a(tp4m)
χ(p2m)
X2m+1 =
a(tp2(2m+1))
χ(p2m+1)
X2m+1 + p2k−1
a(tp2(2m−1))
χ(p2m−1)
X2m+1·
Adding this equation for all m ≥ 1 yields
λp
χ(p)
X(S0(X)− a(t)) = S1(X)− a(tp
2)
χ(p)
X + p2k−1S1(X)X
2·
Hence we have
λp
χ(p)
XS0(X) = S1(X)(1 + p
2k−1X2)− a(tp
2)
χ(p)
X + a(t)
λp
χ(p)
X·
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Combining this with S0(X) + S1(X) = H1(X) = a(t)
(
1−χ1(p)p
k−1X
1−
λp
χ(p)
X+p2k−1X2
)
, then
S1(X) =
X
(
a(tp2)
χ(p) − a(t)χ1(p)p3k−2X2
)
(
1− λpχ(p)X + p2k−1X2
)(
1 +
λp
χ(p)X + p
2k−1X2
) . (9)
By the same reasoning we obtain
S0(X) =
a(t)
(
1 +
(
p2k−1 − λpχ(p)χ1(p)pk−1
)
X2
)
(
1− λpχ(p)X + p2k−1X2
)(
1 +
λp
χ(p)X + p
2k−1X2
) · (10)
Proof Assume the conditions of Theorem 2. Using (9) and since χ(p) = ±1, we
have
∞∑
m=0
a(tp2(2m+1))
1
ps(2m+1)
=
±
p−s
(
a(tp2)
χ(p) − a(t)χ1(p)p3k−2−2s
)
(
1− λpχ(p)p−s + p2k−1−2s
)(
1 +
λp
χ(p)p
−s + p2k−1−2s
) · (11)
Suppose that the sequence (a(tp2(2v+1)))v∈N does not have infinitely many sign
changes and apply once again Landau’s theorem.
Suppose now that one of the denominators on the right-hand side of (11) has
a real zero. Then as in the proof of Theorem 2 we will find
λ(p) = ±2pk− 12χ(p).
We repeat the procedure of Theorem 1 to show that the right-hand side of (11)
has no real poles, and then this case of Landau’s theorem is excluded.
It remains to exclude the other case of Landau’s theorem. For this purpose,
notice that the denominator on the right-hand side of (9) is coprime with X.
Further, the polynomial a(tp
2)
χ(p) − a(t)χ1(p)p3k−2X2 is a nonzero polynomial of
degree 2 and the denominator of (9) is a non constant polynomial of degree 4,
hence the denominator has zeros. Setting X = p−s to obtain a contradiction. The
proof is completed with the similar way as above.
We proceed in a similar way to show that the sequence {a(tp4v)}v∈N has in-
finitely many sign changes for almost all primes p.
5 Proof of Theorem 3
We shall compute the following sum
∞∑
ν=0
a(pd+nν)
χ0(pd+nν)
Xd+nν .
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Assuming the hypothesis, notice first that an integerm satisfies pm ≡ h (mod q) if
and only if m ≡ d (mod n). It follows from the orthogonality relations of Dirichlet
characters that
∞∑
ν=0
a(pd+nν)
χ0(pd+nν)
Xd+nν =
1
ϕ(n)
∞∑
m=0
a(tp2m)
χ(pm)
Xm
(∑
ǫ
ǫ(pm)ǫ(h)
)
=
1
ϕ(n)
∑
ǫ
ǫ(h)
∞∑
m=0
a(tp2m)
χ(pm)
Xmǫ(pm)
=
1
ϕ(n)
∑
ǫ
ǫ(h)H1(Xǫ(p)),
(12)
where the sum is taken over all Dirichlet characters modulo n.
Proof (Proof of Theorem 3)
Suppose that the sequence
(
a(pd+nν)
χ0(pd+nν)
)
ν≥0
does not have infinitely many sign
changes. We proceed as above and we exclude the two cases of Landau’s theorem
by using the equations (12) and (6).
Remark 1 Consider the primes p for which the polynomial (βpα
mp
p −αpβmpp )Xmp+
(β
mp
p −αmpp )Xmp−1+(αp−βp) has no real zero, where mp is an integer satisfying
χ(p)mp = 1. Then one can show as in [6] that for almost all of those primes p, the
sequence
(
a(tp2(l+mpn))
χ(p)l
)
n∈N
has infinitely many sign changes with l runs through
the integers satisfying 1 ≤ l ≤ mp − 1.
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